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Kesirli Polinomlarin Basit Kesirlere Ayrilmasi

n n-1
az'ta z" +...+azta A A A A
nm n-1 — 1 0 _ 1 + 2 +. .+ m-1 + m
z"+b, ,z" +...+bz+tb, z-2z, z-z, z-z,, Z-2

Burada z,, z,,... z,, payda polinomunun kokleridir.

S b 2" bz bz D=0

(z-71) (z-2) ......... (z-Zm)=0

Kesirli polinomlar bu sekilde basit kesirlere ayrilabilir.

Sx+17 2 3
+

OR128 =
)2) x2+7x+12 x+3 x+4

10x* +42x +26 2 3 5
+ +

x> +5x2-2x-24 x+3 x+4 x-2

0) 14x* +52x%-24x-122 2 3 5 4

4 3 2 - + + +
X" +4x7-7x7-22x+24 x+3 x+4 x-2 x-1

Hesaplarin nasil yapildig ilerideki boliimlerde aciklanacaktir.

Polinomlarin kokleri

P(x)=a, X"+ a5 X"+ 250X ... a;x+ay=0 polinomunun n adet kokii vardr.

n adet kok reel veya kompleks olabilir. Kompleks kokler eslenik halde bulunur. x=a+bi kok ise
x=a-bi de mutlaka koktiir.

X1,X2,X3,...X; kok olsun. Bu durumda yukaridaki polinom.

P(x)=(x-x1) (X-X3) ...... (x-x,)=0

seklinde yazilir.

Polinom kokler

x+5=0 X1=-5 (x+5)=0
X*+3x+2=0 X=-2, X;=-1 (x+2)(x+1)=0
x*-3x+2=0 X1=2, X,=1 (x-2)(x-1)=0
x*-x-2=0 X1=2, X»=-1 (x-2)(x+1)=0
x*-2x+5=0 x=142i, x,=1-2i (x-1-2i)(x-1421)=0
X*+2x+5=0 X =-142i, x,=-1-2i | (x+1-2i)(x+1+21)=0
X +6x+11x+6=0 | x;=-1, x,=-2, x=-3 | (x+1)(x+2) (x+3)=0
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Basit Kesirlere Ayirma

p p-1 p-2
c,z" tc,z7 tc ,z07 ...tz tc,

F(z) =
Z"+b, 2" +b_,z"? +...+bz+Db,

seklindeki kesirli polinomda, yukarida anlatildig: gibi

paydanin m adet kokii vardir.

Paydadaki en biiyiik kuvveti olan terimin katsayisi 1 den farklh ise pay ve payda bu katsayiya
béliinerek paydanin en biiyiik kuvvet teriminin katsayisi 1 yapilr.

(8x” +10x* +12x+4)/2 _ 4x> +5x> +6x+2
Q2x*+6x° +14x° +4x+16)/2  x* +3x> +7x> +2x+8

p>m ise (payin derecesi, paydanin derecesinden biiyiikse) pay paydaya boliiniir ve F(z)
ifadesi

p p-1 p-2
C,Z tC L,z FC ,Z " FT...+CZTC, _

F(z) =
m m-1 m-2
z +bm-lz +bm-ZZ +

n n-1
k k-1 az +ta_z +... +az+a
= de +dk_1Z +...+d1Z+ d() + nm n-l — 1 0
z"+b, 2" +....+bz+b,

k<p-m, ve n<m olacak sekilde yazilir.

1 i
C.Z +Cn-lzn T +CIZ+CO Zm+bm_1zml+ ..... +blz+b0

d.z"+d, z"" +..+dz+d,

Ornekler
TH1Ix*+23x+ +
a) F(Z)=2X 121x 23x 17=2X+5+ 24X 7
X" +3x+2 X" +3x+2
T 4+23x+ -7x —
b) F(Z)=10X2 23x 6:10+ 27x 14
X" +3x+2 X" +3x+2

4 34 2 n ) _
6x +8X2 10x° +23x 6=6X2—10X+28+ 241X 50
X" +3x+2 X" +3x+2

c) F(z)=

TH11x*+23x+ -
2x” +11x°+23x+17 =2X2+7x+9+ 1
X+2 xX+2

d) F(z)=
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N 4+10x* +23x +
e) F(Z)=6X +8x” +10x~ +23x 6=6X3—4X2+18X—13+ 32
X+2 x+2
“+8x +10x% +23x + 2+ +
f) F(Z)=6X +38x 2IOX 23x 6=6X—28+1132X 2295x 174
X +6x°+11x+6 X +6x°+11x+6

Bolum sonrasi kalan kesirde payin derecesi, paydanin derecesinden 1 diisiik olacak sekilde

bolme islemi yapilir.

Polinomlarin bélme islemine Ornekler

. 3 + 5 + N
Ornek 122) F(z) = 2x° +11x° +23x +17

x> +3x+2
2x3+11x*4+23x+17 3%+
+
F2XCFOXF4X 2x+5
5x*+19x+17
F5xX°F15xF 10
4x+7
3 2
F(z)=2x +121x +23x+l7:2x+5+ 24x+7
X“+3x+2 X“+3x+2

17 |5 178! 5
715 |3 F1s5 | 33
2 28
25 @=35+—
-------- 5
1—7=3+— 3
5

6x* +8x> +10x* +23x +6
x2+3x+2

Ornek 124) F(z) =
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6x+8x+10x’+23x+6 CH3x42

6x%-10x+28

F6x*F 18X’ F12x°

-10x°-2x% +23x+6
+10x>+30x%+ 20x

28x% +43x+6
F28x> T 84xTF 56

-41x-50

N +10x*+23x + -41x -
6x +8x2 10x~ +23x 6:6)(2_10)(_|_28+ 241x 50
X“+3x+2 X +3x+2
N 24 +
Ornek 126) F(z):w
X" +3x+2
10x*+23x+6 3%+
F10x* F30xF20 10
-7x-14
10x2+23x+6_ N -7x-14
x2+3x+2 x2+3x+2

Kompleks Kokler Hali
r1,0,..Iym kOklerinde kompleks kokler varsa bu kompleks kokler eslenik olarak bulunurlar.
ri=a+bi ise a-bi de mutlaka koktur. Basit kesirlere ayrildiginda eslenik koklerin tistiindeki

sayilar da esleniktir.

OR344) a) 22x—20 _ 1+31 - 1-31 '
X +4x+20 x+2-4 x+2+4
4x—-48 2461 N 2-61

x> +6x+34 x+3-5i x+3+5i

5x2 +2x—40 B 1+3i N 1-31 N 3
x> +9x% +40x+100 x+2—-4i x+2+4i x+5

x® —6x° +36x + 680 1+3i 1-3i 1 2
+ +

d) 3 3 2 = . . +
X" +3x° —14x" -140x-600 x+2-41 x+2+41 x+5 x-6
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12x° +6x2% +268x — 80 1+3i 1-3i 5 5

€) 7 3 > = -+ -+ -+ .
x"+10x" +78x° +256x+680 x+2—-41 x+2+4 x+3+51 x+3-51
x> +8x* -40x* —412x? —1624x +1280 1+31 1-31 1 2
7 3 > =3x-1+ -+ -+ +
X" +3x” —14x° —-140x — 600 X+2-4 x+2+4 x+5 x-6

Kompleks eslenik koklu kesirler birlestirilerek

A, A, _ Cx4D
(x-1,) (x-1,) x’+Ex+F

seklinde reel katsayili bir kesir elde edilir.

1+3i1 1-3i

OR345) _ =9
x+2-4 x+2+4
a) 1+31 N 1-31 (1+31)(x+2+41)+(1-31)(x + 2 —41)
Xx+2-41 x+2+4i (xX+2—-4i)(x+2+41)

(x+2+41)  (x+2-4)

O X+2+4+31x+31, 2431 4+ x+2-41-3ix-31, 2+41 3i
X7 +2X +4ix +2x+2 2+2 4i—4ix -2 4i—16i°
o 2x-20
x> +4x+20
5x+2x-40  1+43i L1303
X’ +9x* +40x+100 x+2-4i x+2+4 x+5
o 2x-20 N 3
x> +4x+20 x+5

b)

x’—6x°+36x+680  1+3i N - S N
x*+3x° —14x*> -140x-600 x+2-4i x+2+4i x+5 x-6
2x-20 1 2
=— + +
X" +4x+20 x+5 x-6

12x° +6x2% +268x—80  1+3i . 1-3i . 5 . 5
x* +10x° +78x% +256x+680 x+2—4i x+2+4i x+3+51 x+3-5i
2x-20 10x +30

= +
x> +4x+20 x> +6x+34

Basit kesirlerdeki Katsayilarin Hesabi

ifadesinde n<m ise G(z) asagidaki sekilde basit kesirlere ayrilir.

G(z2)= az"+ta z"'+. .. +azta, az"+a z" +..+az+a,
2" +b, 2" . +bztb,  (2-2)(Z—2,)..... (z-z,)
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A, A, A A

= + +....+ m-l 4 n (A51)
z-z, 7-12, z-27., Z-2

m

Burada z,, z,,... z,, payda polinomunun kokleridir.

AAy,....Ap, Katsayllan 3 sekilde hesaplanabilir.
1) (A51) esitliginde ikinci tarafin paydalari esitlenir ve z nin ayni kuvvetleri birbirine

esitlenerek Aj,A,,....Ap, katsayilar1 hesaplanir. (A52)

2) ALLA,,.... A, katsayilart asagidaki formiil ile de hesaplanabilir.

az"+a z"™+..+az+a
A= (z-2,)G(2) 7=z = " l 0|
(Zz=2,)eenn. (z—z,) |Z:Zl

P e W +az+a,| AS3
2 (Z Zz) (Z)|Z—22 (Z—Zl)(Z—Z3) ........ (Z_Zm)|Z: ( )

az'+a z"'+..+az+a
An=(2-2,)G(2)|,o, =" = ! °|
(z—2z,)(z—2,)........ (Z_Zm—1)|Z:zm

3) A, A,,....Ap, katsayilari i¢in bir bagka formiil

G(z)=% olduguna gore
A=ZEL A= A=A (Ass)
Q(Z)Z:Z1 Q(Z)zzz2 Q@), -,
m

Payda polinomunun derecesi 2 den biiyiikse kokler bilgisayar yardimiyla bulunabilir.
Kokler biliniyorsa Aj,A,,...A,, katsayilarinin hesabina gegmeden once c¢arpanlara ayirma ile

ilgili baz1 drnekler verelim.

Carpanlara ayirma sekli ornekleri:

5z—-7

81) —
72> +3z+2

=9 paydanin kokleri z=1, z,=2
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5z-7 5z—-7 A B

= = +
z*4+3z+2 (z-1)0(z-2) z-1 z-2

82) _oz=T paydanin kokleri z1=-2, z,=-5
z* +3z+2
Tz +23 7z +23 A B

= = +
z>+72+10 (z+2)(z+5) z+2 z+5

147’ +457° -882-199 _,

83 =1
) 7z +572° = 772° —412-30

paydanin kokleri z;=-2, z,=-5, z;=-1, 7,=3,

147° + 452> -88z-199 _ A B C D
4 3 2 N + + +
z"+52°-72"-412z-30 z+2 z+5 z+1 z-3

27° +13z* +152° = 582> = 2712—289 _o

84
) 7t +52° =772 —412-30

paydanin kokleri z,=-2, z,=-5, z;=-1, z,=3,
27° +132° +152° — 582° 2712280 =) x4 3+ 147" +452" —882-199
7' +52° 772> —412-30 2t +52° —72* - 412-30
A B C D
+ + +
z+2 z+5 z+1 z-3

=2x+3+

-7z’ =2772* -1522-205
86) 4 3 2 =7?
z"+7z2°+9z° -27z2-54

paydanin kokleri z,=2, zp=-3, z;=-3, z,=-3,

147’ +452° —882z-199 _ A B C D
3 3 2 - + + >t 3
z'+52°-72"-41z-30 z-2 z+3 (z+3)" (z+3)

2
_|_
87) 4X2 33x+65 44 2 N 3
X" +7x+12 x+3 x+4
3+ 2
89) 4x 323x +88x+77 x4 54 2 N 3
X +7x+12 x+3 x+4
3 2
91) 7x ;!-44X2+21X-154 gy 2 N 3 N 5
X +5x°-2x-24 x+3 x+4 x-2
5 4
92)7x +43X -3|-35x32-129;3-168)(—190=7X2+8X+9+ 2 N 3 N 5
X +5x -2x-24 x+3 x+4 x-2

Katsayilarin Hesabi
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Ornek Problem 97)F(z) = 25Z—_72
Z

—-3z+

ifadesini basit

kesirlere ayirin.
Coziim: Metod 1
7°-37+2=0 — z;=1, 7,=2,

527 527 A B A B

e ] —+ e —+
z>-3z+2 (z-1)(z-2) z-1 z-2 (erz% %zi@

Paydalar esitlenirse

52-7 _ A(z-2)+B(z-1) _(A+B)z-2A-B
(z-D(z-2) (z-D)(z-2)  (z-1)(z-2)
5z-7=(A+B) z-2A-B

z nin katsayilar1 esit olmali — A+B=5,

sabit terim katsayilar1 esit olmali— -2A-B=-7 — 2A+B=7
ilk denklemden B=5-A, ikinci denklemde yerine konursa
2A+H(5-A)=7 — 2A-A=7-5 — A=2

B=5-A=5-2=3

5x-7 2 N 3
z?-3z+2 z-1 z-2

Metod 2 (A53) formiilii

5z—-7 A N B
(z-1)(z-2) z-1 z-2

o 5z=7 | 5z 51-7 -2
A=(z=l) z-D(z-2)|_, @-2)|_, (1-2) -1 =2
bz 27T | _sz-7 _52-7 3,

z-D)(z-2)|_, (-1, @-) 1

Metod 3 (A54) formiilii

5z—7 _ P(z) o P(z) 5z-7
23212 Q@ ~ @77 2T 2,3
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A=P@|  _5z-7 57

= —=2,
Q@|,_; 2z-3[;-1 2.1-3
B= P(z) :52—7 :5*2—7:3,
Q@)|,_, 2z-3|,-p 2.2-3
5z+7

Ornek Problem 99) F(z) = ————— ifadesini basit
z°+3z+2

kesirlere ayirin.
Coziim: Metod 1
7432+2=0 — z,=-1, 7= -2,

5z+7 5z+7 B 5z+7 B A N B
72 +3z+2 [z-(DI[(z=(=2)] (z+1)(z+2) z+1 z+2

Paydalar esitlenirse

5z+7 = A(z+2) + B(z+1) = (A+B) z +2A+B

A+B=5, 2A+B=7

ilk denklemden B=5-A ikinci denklemde yerine konursa
2A+(5-A)=7 — 2A-A=7-5 — A=2

B=5-A=5-2=3

5z+7 2 N 3
z>+3z+2 z+1 z+2

Metod 2 (AS3) formiilii

52+7 A N B
(z+D(z+2) z+1 z+2

Sz+7 | _5z+7| _SCD+7_2_,
z+)(z+2)|  (z+2)|_, (-1+2) 1

A=(z+1)

52+7 | 5z+7|  S(-2+7 -3
z+)(z+2)| _, (z+D)]|_, (2+) -1

B=(z+2)

Metod 3 (A54) formiilii
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P(z)  5z+7 P(z) 5z+7
Q(z) z+3z+2  Q'(z) 2z+3

A= P(z) _5x+7 _5.(=D+7 _
Q@)|,_ | 2z+3,-_; 2.(-D+3
B=P(Z) :5X+7 :MZS
Q@|,__» 2z+3,__ 5 2.(+3

Ornek Problem 101)F(z) = ;42—+8 ifadesini basit kesirlere ayirin.

z°+2z+2
Coziim: Metod 1

S244/27-412 - 1 .
ZZ+ZZ+2:O — 7z, = : e 2;‘21 :_1+1’

Z= 7 = -1+i=-1-,

4z +8 A B A B

2242242 (G-lo1+i]) (-[1-i)  z+1-i z+1+i
(z+1+1)  (z+1-1)

Not: Pay ve payda reel katsayllardan meydana gelmisse payda polinomunun kokleri ve A,

B katsayilar esleniktirler.

Paydalar esitlenirse

47+8 = A(z+1+1) + B(z+1-1) = (A+B) z +(1+1)A+(1-1)B

A+B=4

(1+1))A+(1-1)B=8

ilk denklemden B=4-A ikinci denklemde yerine konursa

(1+1)A+(1-1)(4-A)=8

A+AiI+4-4i-A+Ai=8 — 2Ai1=8-4+41 — A=(4+41)/21
A= -2i+2

B=4-A=4-(-21+2)=2i+2

4z + 8 _ 2-21 N 2+21
722 +2z242 z+1—-1i z+1+i

aa=[1 1: 14 1-i], inv(aa)*[4 81, [plp2]-residue([4 8],[1 2 2])

Metod 2 (A53) formiilii
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4z +8 _ A n B
(z+1-i)z+1+1) z+1-1 z+1+i1

4z+8 | 4z+8
(z+1-i)z+1+D)| . (z+1+1)

A=(z+1-1)

z=+1+i

_A-1+)+8  4+4 (4+4)(-1) —-4i+4

_ . i BTAN —2i+2
(~l+i)+1+i  2i (21)(-1) 2
ST L B i
(Z+1-D)(z+1+D)|,_,, (+1-D,_,,

_4(-1-0)+8 44

S L TR
-1-1)+1-1 =21

Not: A ve B esleniktir. B=A.

A yi hesapladiktan sonra B=A =2 —2i=2+2i seklinde hesaplanabilir.

Metod 3 (A54) formiilii

P(z)  4z+8 P(z) 4z+8
Q) z*+2z+2  Q'(z) 2z+2

A= P(z) :4z+8 24*(—1+%)+8::4+.4i=2_2i
Q'(2) e 22+2|, _ . 2.(-1+1)+2 2i
=L@ —2+2i
Q@ =1
Ornek Problem 104)F(z) = ;"Z;lz ifadesini basit kesirlere ayirin.
z°+6z+25

Coziim: Metod 1

-6+4/6"-4125 - i i
7467+25=0 —> 7, = . ax2d 6;81 —_3+4i,

7= z, = -3+4i=-3-4i,

4z —12 A B A N B
2 +62+25 (2—[3+4i])  (z—[3—4i]) z+3—4i z+3+4i

Paydalar esitlenirse

47-12=A(z+3+41) + B(z+3-41) = (A+B) z +(3+41)A+(3-41)B
A+B=4

(3+4i1)A+(3-41)B =-12

ilk denklemden B=4-A ikinci denklemde yerine konursa
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(3+41)A+(3-4i)(4-A) =-12
3A+H4AI+12-3A-16i+4iA=-12
A(3+4i-3+4i)=-12-12+16i — 8iA=-24+16i
A=(-24+16i)/8i=3i+2

B=A=3i+2=2-3i

Metod 2

4z-12 A N B
(z+3-4i)(z+3+41) z+3-4 z+3+4i

47-12 | 4z-12 _ A(-3+4D)-12

A=(z+3-40) . e B
(z+3—4i)z+3+4)| . (z+3+4)| . (3+4)+3+4i

B=A=3i+2=2-3i

Metod 3
P(z)  4z-12 P(z) 4z-12
Q(z) 72 +6z+25  Q'(z) 2z+6

4.(B3+4D)-12  —24+16i

A=L@) _4z-12 — ' _ _ 243i
Q'(2) e aeai 272+6 e 34 di 2.(-3+4i)+6 81
Q'(2) i 2Z+6 =3 ai
7z° +62+59

Ornek Problem 106)F(z)=—

7> +272* +z2-100

100=0 kokleri
z,1=-3+41, z,=-3-41, 734,
Coziim: Metod 1

727 +6z+59 A N B +c
22+272°+72-100 z+3-41 z+3+4i z-4

A B . C

z+3-41 z+3+41 z—4
(2+3+4i)(z—4)  (z+3-4i)(z—4) (z+3+4i)(z+3-4i)

Paydalar esitleyelim.
722+6z+59:A(z+3+4i)(z—4)+ B(z+3-41) (z-4)+ C(z+3+4i1) (z+3-41)
Ikinci tarafin her terimini tek tek hesaplayalim.

A(z+3+4i)(z-4)=A(2>-42+32-12+4iz-161)=AZ*+A(-1+41)z-12A-16Ai

~24416i
8i

3i+

ifadesini basit kesirlere ayirm. Not: z+2z*+z-

2
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B(z+3-41)(z-4)=B(2*-42+32-12-4iz+16i)=Bz*+B(-1-4i)z-12A+16Bi

C(z+3+4i) (z+3-41)=C(z+3)*+4> =CZ*+C62+9C+16C

Toplam terim

(A+B+C)Z*+ A(-1+41)+ B(-1-41)+6C]z-12A-16Ai-12B-16Bi+9C+16C
=77°+62+59

A+B+C=7

A(-1+4i)+ B(-1-4i)+6C =6

(-12-161)A+(-12+161)B+25C=59

Ug bilinmeyenli {i¢ denklemi matris formunda yazalim ve Gaus eliminasyon metodu ile ¢dzelim.

1 1 1 TA] [7
1+4i  -1-4i 6 |B|=|6
12-16i -12+16i 25| C| |59

Genisletilmis matrisi olusturalim.

1 1 1 |7
1+4i -1-4i 6 | 6
12-16i -12+16i 25|59

ilk satiri —4%41 =1-41 ile carpip ikinci satira ekle

-12-161

ilk satir1 —f=12+16i ile carpip 3. satira ekle

1 1 1 7 1 1 1 7
A+4i+(1-40)  -1-4i+(1-4i) 6+ (1-4i) 6+7(1-4i) |=|0 -8  7-4i 13-28i
-12-161+12+161 -12+16i+12+161 25+12+16i1 59+7(12+161) 0 321 374161 143+112i
L 2i . e
ikinci satirt T 4 ile garp liclincii satira ekle

-981

1 1 1 7

0 -8i 7-4 13-28i

0 32i+4(-81) 37+161+4(7-41) 143+112i+4(13-28i)

1 1 1 7
=10 -8i 7-4i 13-28i

0 0 65 195

Denklemleri Matris formunda yazalim.

1 1 1 A 7
0 -81 7-41 | B |=|13-281
0 0 65 |C 195

Son satirdan basa dogru denklemleri ¢oz.

65C=195 — C=195/65=3

ikinci satir

-8iB+(7-41)C=13-281 — -8iB+(7-41)3=13-28i1
-8iB =13-28i-21+12i

-8iB =-8-161 — B=(-8-161)/(-81) = -i+2

Birinci satir
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A+B+C=7 — A+(2-1)+3=7 — A=7-2-3+1 =2+

aa=[1 1 I;-1+4i -1-4i 6;-12-16i -12+16i 25]; bb=[7 6 59]'; inv(aa)*bb

Metod 2 (AS53) formiilii

72’ +62+59 72° +62+59 A B  C
22422 +2-100  (z4+3-4i)(z+3+4i)(z—4) z+3-4i z+3+4i z-4

72* +62+59 |
(z+3—-4i)(z+3+4i)(z—4)

B 77> +62+59 |

A=(z+3—4i) (z+3+4i)(z-4)|_

z=—3+4i —3+4i

_ 7(=3+4i)* +6(=3+4i)+59
(=34 40)2 + (—1+ 4i)(-3 + 4i)— 12— 16i

(-3+4i)2=-7-24i,  (-1+4i)( -3+4i)=-13-16i

_ 7(=7-24i)+ 6(-3+4)+59 _ —8—144i
(-7-24i)-13-16i—12-16i —32-56i

—8—1441 —324561
= - - =2+
—32-561 —32+561

B=A=2+i=2-i

77> +62+59 |

C=(z-4) : :
(z+3—4i)(z+3+4i)z-4)| _,

. 72462459 | 14 +6(-H+59
(z+3—4i)(z+3+4i)|z=74 (—4+3-4i))(—4+3+4)

Metod 3 (A54) formiilii

72> +6z+59
72 +27°+2-100

P(z)  7z°+6z+59 P(z) 72" +6z+59
Q) 7 +22°+z-100 ~ Q'(z) 32> +4z+1

2
A= P(z) _Tz"+6z+59

| -z =2+
Q (Z) z=-3+4i 32" +4z+1 z=-3+4i
B= P(z) B 77" +6z+59 =i
] - 2
Q(Z)Z:7374i 3z°+4z+1 S i
c=P@| _77 +62+59] _7(4° +6(4)+59 195 _
Q)| _, 32Z+4z+1| _, 3@ +4@&)+1 65

B 77> +62+59 |
2 +(~1+4i)z—12-16i|

z=-3+4i



